The standard lore about the sum over topological sectors in quantum field theory is that locality and cluster decomposition uniquely determine the sum over such sectors, thus leading to the usual θ-vacua. We show that without changing the local degrees of freedom, a theory can be modified such that the sum over instantons should be restricted; e.g. one should include only instanton numbers which are divisible by some integer p. This conclusion about the configuration space of quantum field theory allows us to carefully reconsider the quantization of parameters in supergravity. In particular, we show that FI-terms and nontrivial Kähler forms are quantized. This analysis also leads to a new derivation of recent results about linearized supergravity.
Introduction
This note addresses two issues. The first topic is purely field theoretic and the second topic involves supergravity.
Our field theory analysis was motivated by supergravity considerations. We were interested in topological constraints on supergravity theories which lead to quantization of the parameters in the Lagrangian. The proper understanding of the configuration space turns out to affect the correct quantization condition of these parameters.
For concreteness we will limit ourselves to N = 1 supergravity in four dimensions.
We will find it convenient to distinguish two classes of theories:
1. Supersymmetric field theories coupled to supergravity. Here we assume that the field theory has no parameter of order the Planck scale M P lanck -the Kähler potential and the superpotential are independent of M P lanck . All the dependence on the Planck scale arises either from the coupling to supergravity or from nonrenormalizable operators which have no effect on the low energy dynamics. Here we exclude theories with moduli whose target space is of order the Planck scale.
2. Intrinsic supergravity theories. Here some couplings of the non-gravitational fields are fixed to be of order M P lanck ; i.e. they cannot be continuously varied. In particular, these couplings cannot be parametrically smaller than M P lanck . Therefore, such theories do not have a (rigid) field theory limit.
In the first class of theories the field theory dynamics decouples from gravity and we can study supergravity theories by first analyzing the rigid limit. The coupling to supergravity is determined in the linearized approximation by the energy momentum tensor and supercurrent of the rigid theory.
The investigation in [1, 2] was limited to theories in the first class. A careful analysis of the supersymmetry current has shown that Abelian gauge theories (which include charged fields) with an FI-term ξ and theories whose target space has non-exact Kähler form ω can be coupled to standard supergravity only if the theory has an exact continuous global symmetry.
1 However, as emphasized in [1] , the absence of global continuous symmetries in a gravitational theory makes such theories less interesting.
1 Such theories with FI-terms were originally studied in [3] [4] [5] [6] and more recently, following [1, 2] , in [7] [8] [9] . To the best of our knowledge the analogous situation with nontrivial topology was not studied before [2] . (The authors of [10] studied theories in the second class.)
Reference [2] also considered field theories with nonzero ξ or non-exact ω. Following standard gauging procedure of the supersymmetry current of these theories has led to a larger supergravity multiplet similar to the one in [11, 12] . As emphasized in [13] and elaborated in [2] , such theories can be reinterpreted as ordinary supergravity theories coupled to a modified matter system which has an additional chiral superfield. The latter fixes the problems of the original field theory by making ξ "field dependent" [14] and by ruining the topology underlying the non-exact ω.
In this note we examine theories of the second class above in which ξ ∼ M 2 P lanck and the target space has a nontrivial topology with ω ∼ M 2 P lanck . Such theories are inherently gravitational.
In section 2 we discuss a purely field theoretic problem. In many field theories the configuration space splits into disconnected sectors labeled by the topological charge n ∈ Z.
It is commonly stated that in order to satisfy locality and cluster decomposition one must sum over all these sectors with a weight factor e inθ . In a Hamiltonian formalism this corresponds to considering θ-vacua rather than n-vacua. Section 2 argues that such theories can be deformed, without adding local degrees of freedom, such that the instanton sum must be modified. For example, in some cases we should sum only over values of n which are divisible by some integer p.
Section 3 is devoted to the constraints on supergravity theories in the second class which are intrinsically gravitational. Here we argue that the FI-term is quantized
We also study theories with topologically nontrivial target spaces. As in [10] , the elements of the second cohomology group of the target space H 2 are constrained. However, because of the subtleties discussed in section 2, these constraints are weaker than in [10] . Instead of studying the most general Kähler manifold, we focus on CP 1 with the metric
and we show that f π is constrained to satisfy
2 We use notation The integer parameter p is the one we find in section 2.
We should emphasize that our discussion is incomplete for several reasons:
1. We ignore the possible back-reaction of the spacetime metric. As pointed out in [15, 16] , when topological objects of codimension two are present and a deficit angle in spacetime is generated, there can be additional constraints on the allowed parameters. Kähler form ω is not exact and its periods are arbitrary. Such theories can be coupled to minimal supergravity only if the theory has a continuous global R-symmetry and the total wrapping number of spacetime over the target space is constrained. In these two situations of nonzero ξ and arbitrary ω the resulting supergravity theory has an exact continuous global symmetry (and therefore such a theory is not expected to arise from a fully consistent theory of quantum gravity).
The sum over topological sectors
This section addresses the sum over topological sectors in quantum field theory. Instead of presenting a general abstract theory, we will discuss simple examples.
A trivial warmup
As a warmup we review the situation in two dimensional Abelian gauge theories, emphasizing points which will be important below.
We start with the pure gauge U (1) theory on a Euclidean compact spacetime. The configuration space splits to "instantons" labeled by the first Chern class
We are instructed to sum over these sectors with weight
and because of the quantization in (2.1), the result is periodic in θ; i.e. θ ∼ θ + 2π. We can easily add charged particles to this system. Their charges must be quantized.
The Hamiltonian interpretation of this system is obtained when spacetime is S 1 × R and we view S 1 as space and R as time. As is well known, the parameter θ is interpreted as a background electric field [17] . The Hamiltonian interpretation of these θ-vacua involves two different elements which should not be confused: 
2.
A given superselection sector labeled by θ can include several stable states with different value of the background electric field. Unlike the previous point which depends only on the configuration space, this is a more detailed issue, which depends also on the dynamical charges in the system and on the Hamiltonian. If charge p particles are present, the background electric field can be screened [17] to be between − If the gauge group is noncompact, the previous situation is modified. On a compact spacetime the condition (2.1) becomes F = 0 and hence there is no θ parameter. The
Hamiltonian formalism interpretation of this fact is that the system does not have superselection sectors -Wilson line operators exp ir A with arbitrary real r can set the background electric field to any value. As above, the stability of states with background electric field is a more detailed question which depends on the dynamical charges. If there are no dynamical charges, every state is stable. If there are at least two charges whose ratio is irrational, every background electric field can be screened.
Finally, as emphasized, e.g in [18] , if spacetime is taken to be R 2 , then the only notion of θ-vacua is a stable state with background electric field. This depends both on the gauge group and on the set of dynamical charges.
The CP 1 model
Our second example is the two-dimensional CP 1 sigma model. The Lagrangian of the system is
The target space is compactified to a CP 1 by adding the point at infinity (which is at finite distance in the metric (2.3)). The patch around Φ = ∞ is related to the other patch by the transformation
We take our spacetime to be compact, e.g. S 2 . Then the configuration space is divided into classes labeled by the wrapping number -instanton number
where ν is proportional to the pull back of the Kähler form on CP 1 to spacetime and is normalized such that (2.5) is satisfied. Correspondingly, we can add to the Lagrangian
Hence, θ has period 2π.
It is often stated that we cannot restrict I to any fixed value. This would amount to studying the "n-vacua" rather than the "θ-vacua" and would be in conflict with cluster decomposition and locality. Here we would like to reexamine this statement.
We add to the Lagrangian based on (2.3) and (2.6)
which depends on the integer parameter p. Here λ(x) is a Lagrange multiplier and the two form F is the field strength of a U (1) gauge theory normalized as in (2.1). Shifting λ by a constant we can set θ = 0 and obtain a new θ term θ → θ + θ/p.
Has the addition of the terms (2.7) changed the theory? The equation of motion of the gauge field of F sets λ to a constant. The Lagrange multiplier λ sets
thus removing all the local degrees of freedom we added to the original CP 1 model in (2.7).
However, even though the original theory and the theory with (2.7) have the same set of local degrees of freedom, the two theories are actually different. First, when our spacetime is compact, the constraint (2.8) leads to
For p = 1 this condition is uninteresting. For integer p = 1 (2.9) states that the total instanton number must be a multiplet of p.
3 Therefore, θ in (2.6) has period 2π/p. Alternatively, we could use the freedom in shifting λ to set θ = 0 and label the vacua by θ in (2.7) with period 2π. Second, when our spacetime is S 2 we can solve (2.8) by setting the gauge field equal to the Kähler connection up to a gauge transformation. But when our spacetime has nontrivial one cycles, e.g. when it is S 1 × R or a compact Riemann surface, the constraint (2.8) determines F but leaves freedom in a nontrivial flat gauge field which should be integrated over. Correspondingly, this theory has additional operators which the underlying sigma model does not have
where A is the gauge field and the integral is over any nontrivial cycle. Note that if the integral is over a topologically trivial cycle, or when m is a multiple of p, the operator W m can be expressed in terms of the sigma model variable and was present before the theory was modified.
Considering the simple case where spacetime is S 2 , the partition function of the theory is related to the usual partition function of the p = 1 theory as follows
In conclusion, the modified theory is locally the same as the original sigma model, but globally it is different. In particular, the instanton sum is performed differently in the two theories.
We see that the standard lore about instantons in the CP 1 theory corresponds to p = 1.
However, for generic integer p we find a theory with exactly the same local structure, but with the constraint (2.9) on the total instanton number. Since we added to the original Lagrangian (2.3)(2.6) the local term (2.7), it is clear that the resulting theory is local!
We would like to make several comments:
1. In the p → ∞ limit the total instanton number I = ν must vanish. One way to see it is by first rescaling the gauge field thus turning the U (1) gauge theory into an R gauge theory in which F = 0. The same result is obtained for irrational p in (2.7).
2. We are used to studying standard field theories based on local degrees of freedom in which the global structure does not matter much. We are also familiar with topological field theories which have no local degrees of freedom and whose entire dynamics depends on the global structure. The theories we study here can be viewed as standard local theories coupled to topological theories. In our example above the topological theory is a BF-theory [19] , where the Lagrange multiplier λ plays the role of the B field and also couples to the sigma model variables.
3. We can get further insight into the role of the gauge field in (2.7) by adding to the system a massive field ϕ which couples to the gauge field with charge q ∈ Z. Working on S 2 we can easily integrate out λ and the gauge field to find that the massive field ϕ couples to the massless mode Φ. For p = 1 it couples to the Kähler connection of the CP 1 and it ends up being a section of a line bundle on the CP 1 . However, when p = 1 and q is not a multiple of p such an interpretation is not possible. Yet, when the constraint (2.9) is satisfied the massive field ϕ is single valued and well defined on our S 2 spacetime.
4. We can add to the system several massive fields ϕ with various charges and U (1) gauge invariant interactions. When the Lagrange multiplier λ is integrated out, it eliminates the dynamical gauge field and the effective theory has a global U (1) symmetry. This global symmetry will play an important role below.
5. As in our warmup discussion in section 2.1, the Hamiltonian interpretation of this setup is as follows. We study the system on S 1 × R and view S 1 as space and R as time. The new operators (2.10) which wind around our space change θ by 2πm, or equivalently, they change θ of the underlying CP 1 theory by 2πm p . Hence, as in the original CP 1 theory, the Hilbert space includes distinct states with −π < θ ≤ π, but the different superselection sectors are labeled by − π p < θ ≤ π p . The sum in the right hand side of (2.11) can be interpreted as a sum over the p different values of the background field in the same superselection sector. When the system includes additional charged fields ϕ with q = 1, only one of the p different states labeled by −π < θ ≤ π in the same superselection sector is stable. The others can decay through pair production and annihilation of the ϕ particles as in [17] .
Various generalizations
The construction above has a number of obvious generalizations.
We can repeat this construction with any two-dimensional nonlinear sigma model on any target space. The total instanton number associated with any two-cycle can be constrained by adding an additional gauge field and a Lagrange multiplier as in (2.7).
Another obvious generalization is to a higher dimensional spacetime. Clearly, we can constrain the total winding number around any cycle. Here λ in (2.7) is a two form (as in BF-theories) and θ = 0.
A somewhat more interesting generalization is to non-Abelian Yang-Mills theory in four dimensions. The total instanton number can be constrained to be a multiple of p by adding to the Lagrangian
where λ is a Lagrange multiplier, the four form ν is the Pontryagin density normalized such that ν ∈ Z, and F (4) is a four form field strength of a three form gauge field normalized such that F (4) ∈ 2πZ. The periodic variable θ ∼ θ + 2π takes the role of the ordinary θ angle which now has period 2π/p. With irrational p or with the gauge group of F (4) being noncompact we have F (4) = 0 which leads to ν = 0. Hence this theory does not have distinct superselection sectors labeled by θ.
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The construction (2.7) might look contrived. Therefore, we now present a more familiar theory which leads to the same effect, but the added topological degrees of freedom are different. We start with two scalars z i=1,2 which are charged under a U (1) gauge field A. Normally, they are taken to have charge one, but we take them to have charge p.
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The scalars are subject to a potential with a minimum along the space
π . The low energy theory can easily be found. If z 2 = 0 we can parameterize it by the gauge invariant (inhomogeneous) coordinate
and we can solve
14)
The equation of motion of the gauge field sets
and leads to the Lagrangian (2.3). The proper normalization of the gauge field (2.15) constrains the winding number as in (2.9).
We see that this system is very similar to the example in section 2.2. The local degrees of freedom are those of the CP 1 model and the winding number is constrained by (2.9).
However, globally these two systems are different. In section 2.2 we added a flat U (1) gauge theory, while here it is a Z p gauge theory. This Z p is the unbroken part of the underlying U (1) gauge theory when z i get nonzero vevs. As in section 2.2, we can add to this theory massive charged fields ϕ which can induce transition between different, otherwise stable, "θ-vacua" in the same superselection sector. In section 2.2 the local degrees of freedom were the CP 1 fields and the massive fields ϕ with a global U (1) symmetry (which was associated with the constrained U (1) gauge theory). Here we have the same variables but their Lagrangian has only a Z p symmetry.
For use in later sections we consider now a supersymmetric version of this theory.
There are two charged chiral superfields z 1,2 with a Kähler potential which includes an FI-term
In four dimensions this theory is anomalous. But this does not affect our classical analysis.
If p, ξ > 0 this theory has a moduli space of supersymmetric vacua parameterized by
5 Such a system was considered from a more mathematical point of view in [20] [21] [22] .
The low energy effective theory is easily found by integrating out V . Its equation of motion
is solved by
(compare with (2.15)) and hence the low energy theory has
The bosonic part of this Lagrangian is the same the theory discussed around (2.15) with
As above, the quantization of the the topological charges in the low energy theory depends on the gauge group. If the gauge group is U (1), then the total wrapping number must be a multiple of p. And if the gauge group is R, the total wrapping number must vanish.
Constraints on Supergravity Theories
As a preparation for our discussion, we recall the well known fact that under the Kähler transformation (here and elsewhere in this section we set M 2 P = 1)
the superpotential W , the matter fermions χ j , the gauginos λ, and the gravitino ψ µ transform as
where Ω| denotes the θ = θ = 0 component of Ω.
Theories with FI-terms
We start by studying theories with FI-terms where
Here gauge transformations
act as Kähler transformations with Ω = −ξΛ . . If a superfield Φ j has charge q j (i.e. it transforms as Φ j → e −q j Λ Φ j ), the fermion χ j has charge q j + If the gauge group is noncompact; i.e. it is R rather than U (1), no condition like (3.6) is required.
We would like to make three comments about these theories:
1. One might question the applicability of the condition (3.6) in supergravity when it is viewed as the low energy approximation of some more complete quantum gravity theory. Then one might not want to consider coupling constants which are of order the Planck scale.
2. The theory includes charged fermions and one must make sure that all the anomalies are properly canceled. For a recent discussion of anomalies in such theories see [25] [26] [27] [28] .
3. To the best of our knowledge no example of theories satisfying (3.6) were constructed in string theory. This suggests that perhaps a deeper consistency condition might rule out some or even all of them.
6 Quantization of ξ was considered by various people including [23, 24] .
Theories with a nontrivial Kähler potential
Next, we consider theories in which the Kähler form of the target space is not exact. 
For p = 1 equation (3.7) is the condition of Witten and Bagger [10] . However, we find that there is freedom in an arbitrary integer p. As explained in section 2, it corresponds to a Z p gauge theory. In this case of a supergravity theory this Z p symmetry is an Rsymmetry. Our fermions and gravitino transform under this Z p symmetry and they play the role of the massive field ϕ in section 2. This allows the p = 1 theory to be consistent, despite the fact that the condition of [10] is not satisfied.
It is interesting to consider the p → ∞ limit in which f π in (3.7) can be arbitrary. In this limit the discrete symmetry Z p becomes Z. One way to analyze this limit is to rescale V . This effectively makes the gauge group noncompact. As we remarked after (3.6), if the gauge group is R, the FI-term ξ is arbitrary and therefore f π is also arbitrary.
One might object to using an effective Lagrangian with f π ∼ M P . However, as is common in string constructions, there are examples where the entire low energy theory is under control when various moduli change over Planck scale distances.
Finally, we would like to stress again that our condition (3.7) ignores various additional considerations. For example, we might want to examine the consistency of the functional integral only for configurations which are close to solutions of the equations of motion.
In other words, when studying topological objects (like the instantons considered here)
we might want to take into account the back reaction on the metric. This can change the underlying spacetime and lead to different consistency conditions from the ones we discussed here.
Recovering the Rigid Limit
In this section we study theories in which the rigid limit M P → ∞ leads to supersymmetric field theories with a nonzero FI-term or with a nontrivial Kähler form. (For that we restore the dimensions by appropriate factors of M P .) This allows us to connect with the results of [2] and earlier references (see also the recent paper [29] and references therein).
We start by considering an Abelian gauge theory with an FI-term ξ. Equation (3.6)
does not allow us to find a smooth rigid limit (M P → ∞) with finite ξ. Therefore, the Abelian gauge group must be noncompact.
Furthermore, the fact that for finite M P the gauge group acts as an R-symmetry (θ has charge − ξ 2M 2 P ) puts interesting restrictions on the theory. Consider first the rigid theory and assume that it has some matter fields Φ j with gauge charges q j . When gravitational corrections are turned on the charges of the bosons can shift
with some order one constants r j . At the same time θ becomes charged and hence the superpotential must carry gauge charge
. Consider a typical term in the superpotential
Gauge invariance of the rigid limit demands
and gauge invariance in the supergravity theory demands also
This means that the rigid theory has a global continuous R-symmetry under which Φ j has R-charge r j . Equivalently, the supergravity theory has a global continuous non-Rsymmetry under which Φ j has charge q j .
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We conclude that, if a theory with nonzero FI-term is to have a rigid limit, its gauge group must be R and the rigid theory should have a global R-symmetry [4] [5] [6] . Furthermore, the supergravity theory has a continuous global symmetry [1] . 7 More precisely, for this conclusion to be valid we need to make two assumptions. First, for the global symmetry to be nontrivial, we need to assume that at least one chiral superfield has q j = 0. Second, we ignore the singular possibility of including terms in the Lagrangian in which the number of fields Φ j diverges in the rigid limit like a power of 2M 2 P /ξ.
We should emphasize that this conclusion about the presence of a global continuous symmetry follows from our assumption in this section that ξ M 2 P is parametrically small.
In the context of the discussion in section 3 we can easily find supergravity theories with no global symmetries. For example, let ξ = 2M 2 P (i.e. N = 1 in (3.6)) and consider a theory with two chiral superfields Φ ± with gauge charges ±1. Then, the superpotential W = Φ 2 − (a 0 + a 1 (Φ + Φ − ) + a 2 (Φ + Φ − ) 2 + ...) with come constants a i carries the desired gauge charge without additional global symmetry.
Next we discuss theories with a nontrivial Kähler form. Here we want to consider the rigid limit M P → ∞ with fixed f π . Constructing such theories using gauged linear models we can use the result above that the gauge group must be R and the rigid theory should have a global continuous R-symmetry. Alternatively, we can use (3.7) and take the M P → ∞ limit together with p → ∞.
We conclude that if we are willing to consider supergravity theories with continuous global symmetries, not only can we have theories with FI-terms, we can also have sigma models with nontrivial Kähler forms [2] . An alternate way to construct these supergravity theories is to consider the "new minimal" auxiliary fields of supergravity [30, 31] . 8 This amounts to gauging the R-multiplet rather than the Ferrara-Zumino multiplet [2] (see also [7, 8] ).
We should stress, however, that a consistent theory of quantum gravity cannot have any global continuous symmetries. Therefore such supergravity theories cannot be realized [1, 2] . This is an example of a point we have made a number of times above that our classical considerations lead only to necessary conditions and it is quite possible that additional, more subtle considerations put further restrictions on the theories studied here.
